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An examination is made of the method of straight lines for solution of 
differential equations in partial derivatives relating to a system of heat 
and mass transfer equations. 

In invest igat ion of kinet ics  of a d ry ing  p r o c e s s  
t h e r e  is a need to solve a l inea r  s y s t e m  of heat  and 
m a s s  t r a n s f e r  equations [i]. The network method [2], 
fo r  example,  is applied with suc c e s s  to this p rob lem 
and among  o ther  methods of solving equations in p a r -  
tial de r iva t ives ,  the method of s t ra igh t  l ines [3] is 
well known. A number  of  p rob l ems  in heat  t r a n s f e r ,  
mechanics ,  and hydrodynamics  have been  solved by 
this method [4-6] .  The m e r i t  of the method is the 
fact  that  solut ion of  the p rob lem is reduced,  even-  
tual[y,  to be a s t andard  s y s t e m  of o rd ina ry  d i f f e r en -  
t ial  equations.  For  this r eason ,  the method has an 
advantage c o m p a r e d  with the network method when 
analog compute r s  a r e  used. Moreover ,  for  l inear  s y s -  
t ems ,  the method allows us to obtain analyt ical  de -  
pendences  of the des i r ed  functions on one of the in-  
dependent va r iab les ,  e . g . ,  the Fou r i e r  number ,  for  
defini te  values of the o ther  var iable .  It should be 
noted, however ,  that  in the major i ty  of ca se s  of p r a c -  
t ical  impor tance ,  a solut ion cannot be obtained in 
expl ic i t  form,  and the method of s t ra igh t  l ines en -  
counte rs  the s a m e  difficulty as  the network method. 

The e s sence  of the s t ra igh t  l ines method and some 
of its applicat ions a r e  desc r ibed  in detail  in r e f e r -  
ences  [ 7 - 9 ,  13, 14]. 

We shall  examine  the l inear  s y s t e m  to which we 
may reduce  the p rob lem of heat ing and dehydrat ion 
of  a c ap i l l a ry -po rous  sphere  in an external  medium 
of  cons tant  t e m p e r a t u r e  and with inf ini tely l a rge  v e l o c -  
ity of propagat ion of heat and mois tu re :  

0t 
0 F'--o - - - - -  AuA t + A n ~ u ,  

Ou 
= A~I A t  + A~2Au, (1) 

0 Fo 

where  

An "= 1 + ~ KoLuPn, 

Al.. = ~ KoLu, 

A..t = LuPn, 

A~ : Lu, 

with the initial conditions 

t (r, O) = t o, 

u(r, O) = u. (z) 

and boundary  conditions of  the 3rd kind 

Ot 

Or 
- - ~ ( I ,  F o ) + B i q I l - - t ( l ,  Fo)l--  

- -  (I - -  e) KoLuBira [u (I, Fo) --Uel = 0, 

O__..uu (1, Fo) + Pn ~ (1~ Fo) + Bi m {u (i, Fo) - -  Uel = 0. (3) 
Or or 

The d imens ion less  number s  a r e  as follows: 

Lu = am/at, Bi~ ---- a RA, Bim = I$ R/am, 

Ko = p uO/cq~, Pn = t5 T~ 0, 

Fo = aq x/R 2. 

A condit ion of f ini teness  for  the functions t and u is 
imposed,  na tura l ly ,  at the center  of the sphere .  

In acco rdance  with the method we shall  rep lace  the 
de r iva t ives  with r e spec t  to r in (1) by the finite d i f -  
f e rence  re la t ions :  

Ot_..~.k ~ ,  tk+l - - t#-- t  . 

Or 2 h 

�9 a~t~ ~ t~+~ - -  2 t~ + t ,_~.  
a :  h 2 

Taking account  of the fact  that  r k = kh and 

(a t)k : a'tk + .2__ at_A 
Or a r k Or ' 

we obtain 

- ~ 1  [ (k+  1)tk+ l - 2 k t  k + ( k - -  l) t~-l], (at)k-~ 
R / l "  

l 
(A u) k ~ . - ~  [(~ -~- 1) Uk+ 1 - -  2 ku k -l- (k - -  1) irk_l] , (4) 

where  h is the s tep  s ize  with r ega rd  to r (d imension-  
less) ;  k = 1, 2, 3, . . . ,  n; the number  of internal  
s t r a igh t  l ines is equal to n. 

At the boundary (s traight  line with number  k = n + 
+ 1) we have: 

(A t)~! O~tn+l 2 Otn§ I 
=--gTr. + rn+ t Or 

tn = t .+ l - h  Otn.l q_ h"- 02t..t " " ,  
Or 2 O:  

O"t.+, ~ 2 ( Ot.+l t.+ t. ) 
"Or" ~ ~ h--- , '  

"h 2 ( at.+, Or t.+, - -  t. ) + h _ _  2 (A t).., ~ - - -  ~ . §  
Or 
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Tab le  
Dependence  of T e m p e r a t u r e  and M o i s t u r e  Content  a t  the  Sphe re  S u r -  

face  on the F o u r i e r  Number .  

Fo 

0 
0.1 
0,5 

1 
2 
3 
4 

1 Line 

0 
0,017 
0.114 
0.221 
0,529 
0,878 
1.260 

Temperature  

I 8 Lines 

0 
0.022 
0,075 
0.221 
0.246 
0.340 
0.421 

6 Lines 

0 
0.022 
0.072 
0.136 
0.238 
0,331 
0,412 

1 Line 

1 
0.980 
0.907 
0.823 
0.677 
0.557 
0.458 

Moisture Content 

8 Lines 6 Lines 

1 1 
0.977 0.976 
0.919 0.922 
0.852 0.861 
0.734 0.744 
0.632 0.640 
0.547 0,555 

We w r i t e  down (AU)n+ 1 at  the  boundary  in s i m i l a r  
fashion.  

Al lowing  for  the fact  tha t  rn+ 1 = 1, we obtain,  for  
t h r e e  s t r a i g h t  l i n e s ,  for  example ,  the  fol lowing s y s -  
t em of o r d i n a r y  d i f f e r en t i a l  equa t ions :  

tl = h -2 JAn (2 G -- 2 h) + AI~ (2 u~ - -  2 ul)], 

u I = h -~ [A~ (2 L - -  2 t,) + A2~ (2 u~ - -  2 ul)], 

1 t~_ = h-~ [ All (--~ t3 -- 2 t2 + ~ tl ) + 

1 

[(r U 2 = h -2 A21 t 3 -  2t  2 + - ~  t, + 

-' ], 

, 2 t~ == h-' [ An ( 4 t~ -- 2 6 ~ -~ t, ) + 

2 

+ A.~ u., m 2 u a + --~ u 2 , 

whe re  

t4 = An (A t)., + AI~ (A u)4, 

u~ = A~, (a th + A.,2 (a uh, (5) 

at (1, F o ) +  2 [ 0-~r/~(1, Fo ) Q--t:~ ] (A l)4 = 2 -~ r  ~ h: ' 

(hu)4=2__~_rOU (1, Fo)_} - -h2 [ Ou~ (1, Fo) u4--u:,]h " 

The in i t ia l  condi t ions  r e m a i n  as  be fo re ,  whiIe the  
d e r i v a t i v e s  with r e s p e c t  to funct ions t and u on the 
s p h e r e  s u r f a c e  a r e  subs t i tu ted  f rom the boundary  c o n -  
d i t ions  (3) into the s y s t e m  (5). Thus the  boundary  c o n -  
d i t ions  a r e  included in the s y s t e m  in the f o r m  of d i f -  
f e r e n t i a l  equat ions .  However ,  the o r d e r  of the s y s t e m  
m a y  be l o w e r e d  by  two, if the bo tmdary  condi t ions  a r e  

c o n s i d e r e d  in the f o r m  of a l g e b r a i c  equa t ions ,  by r e -  
p l a c ing  d e r i v a t i v e s  of the  f i r s t  o r d e r  with r e s p e c t  to 
r by  f ini te  d i f f e r ence  r e l a t i o n s .  This  m a y  p r o v e  to be  
i m p o r t a n t  when work ing  with a s m a l l  n u m b e r  of s t r a i g h t  
l ines .  

The  conve rgence  of the  method  of s t r a i g h t  l i ne s  for  
l i n e a r  s y s t e m s ,  and a l so  for  s y s t e m s  with v a r i a b l e  
coef f i c ien t s  in a r e c t a n g u l a r  r eg ion  fol lows f rom the  
l e m m a  of s ec t ion  3 of [10], under  the fo l lowing su f f i -  
c ien t  condi t ion:  

Ot + ~ ~ const < O, 

0 4  t 0 ' [ - <  const < 0, (6) 

w h e r e  ~p and r a r e  the r igh t  s ides  in the boundary  c o n -  
d i t ion of the 3 rd  kind:  

a__t_t (R, x)=q~tx, t(R, x), u(R, x)], 
ar 

-~ru (R, x ) = , i x ,  u(R, t(R, X), 1:)]. 

Here  we a s s u m e  the ex i s t ence  and uniqueness  of the  
so lu t ion  of the  mixed  p r o b l e m  (1)~-(3), and the  c o n -  
t inui ty  and suf f ic ien t  smoo thne s s  of the  coef f i c ien t s  
and of the  so lu t ions  t h e m s e l v e s .  

In the c a s e  of the  l i n e a r  s y s t e m  (1) the condi t ion  
of c o n v e r g e n c e  has the fo rm 

Biq > (I - -  e) KoLuBim, 

Bim > (1 - -  ~) PnKoLuBi,n + BiqPn. 

The e s t i m a t e s  d e m o n s t r a t i n g  the  c o n v e r g e n c e  of 
the  method  a r e  c e r t a i n l y  above the a c c u r a c y  of i n -  
t e r e s t  to the i nve s t i ga to r ,  a s  a ru le .  We t h e r e f o r e  
r e q u i r e  to so lve  the  p r o b l e m  fo r 1, 2, 3, e t c . ,  s t r a i g h t  
l i ne s ,  with the ob jec t  of d e t e r m i n i n g  the  r e l a t i v e  d i s -  
c r e p a n c y  be tween  the r e s p e c t i v e  a p p r o x i m a t i o n s .  A 
t en ta t ive  c r i t e r i o n  of conve rgence  of the  method  in a 
given r eg ion  of va r i a t i on  of the a r g u m e n t s  could be  
a monotonic  d e c r e a s e  in t h e s e  d i s c r e p a n c i e s  as  we 
i n c r e a s e  the  number  of s t r a i g h t  l ines  taken.  A m e a -  
s u r e  of the a c c u r a c y  a r e  the d i s c r e p a n c i e s ,  r e q u i r e d  
e s p e c i a l l y  in so lu t ion  of n o n - l i n e a r  p r o b l e m s ,  in which 
i t  is  not p o s s i b l e  to c o m p a r e  the a p p r o x i m a t e  r e s u l t s  
with an exac t  ana ly t i ca l  e x p r e s s i o n .  I t  should  be  noted 
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that the above empi r i ca l  c r i t e r i o n  for a s s e s s i n g  the 
accuracy  of the method is the same  as in the network 
method, when one wishes to obtain the "optimum" step 
s izes  to s ecu re  the r equ i r ed  accuracy  for a m i n i m u m  
expendi ture  of effort  [11]. 

We shal l  solve the s y s t e m  (5) and obtain the de -  
s i r ed  funct ions of Fo on the given s t ra igh t  l ines .  C a r -  
ry ing  out the appropr ia te  numer i ca l  in tegra t ion  with 
r e spec t  to r ,  we find the dependence of the mean  
values  of t e m p e r a t u r e  and mo i s tu r e  content  on Fo. 
In the event  that the devia t ion of the cen t ra l  funct ions 
f rom the sur face  functions is not apprec iable ,  we may 
use only the sur face  funct ions in inves t iga t ing  the 
technological  condit ions.  

To i l l u s t r a t e  the above method we shall  examine  a 
n u m e r i c a l  example with the following ini t ia l  data: 
Biq = 0.05; Bi m = 0.05; Lu = 1;.Ko = 0.1; Pn = 0; e = 1; 
u e = 0; t o = 0; u 0 = 1. The r e su l t s  of the ca lcula t ion  of 
t e m p e r a t u r e  and moi s tu re  content  on the sphere  s u r -  
face a re  p resen ted  in the Table.  

It may be seen  f rom the Table  how sharp ly  the values  
of the  des i r ed  funct ions differ for one and th ree  l ines ,  
whereas  the deviat ions  be tween the values  for three  
l ines  and six l ines  a re  a l ready  no g rea te r  than 5%. A 
s i m i l a r  th ing is t rue  of the dependence of t e m p e r a t u r e  
and of mo i s tu r e  content  on Fo on the in te rna l  s t ra igh t  
l ines .  The dependence of the above quant i t ies  on the 
coordinate  r has the form of a parabola  whose c u r v a -  
t u r e  drops with i n c r e a s e  of Fo, which co r re sponds  to 
the desc r ip t ion  of the actual  p rocess .  

The specific m a n n e r  of applying the method is the 
same  for a n o n - l i n e a r  sy s t em as for the l i nea r  case ,  
the coeff icients  being the unknown functions t k and Uk, 
while the sys t em of o rd ina ry  d i f ferent ia l  equat ions 
r e m a i n s  non - l i nea r .  Examples  of a n o n - l i n e a r  f ini te  
d i f fe rence  exe rc i s e  of the method a re  the ca se s  deal t  
with in [2], where the solut ion is obtained of a mixed 
p rob l em for a coupled t r a n s f e r  sys t em by the network 
method, and in [12], where an unsteady heat t r a n s f e r  
p rob lem is solved on analog computers  by the method 
of s t ra igh t  l ines .  

By way of comment  on the insuff ic ient  study that 
the method has received,  we note the poss ib i l i ty  of 
us ing  it to solve a number  of p a r t i c u l a r  p rob lems  in 
heat  and mass  t r an s f e r .  

NOTATION 

t is the t e m p e r a t u r e  of the body be ing  examined,  
r e l a t ive  to the t e m p e r a t u r e  of the medium T~I; u is 
the specif ic  mo i s tu r e  content  of the body under  e x a m i -  
nat ion,  r e l a t ive  to the ini t ia l  m o i s t u r e  content  u~ r is 

the space coordinate ,  r e f e r r e d  to the sphere  rad ius  
R; u e is the equ i l ib r ium m o i s t u r e  content ,  r e l a t ive  to 
the ini t ia l  mo i s tu r e  content  u~ Fo, Lu, Ko, Pn, Biq, 
Bi m a r e  the F o u r i e r ,  Lykov, Kossovich,  Posnov,  and 
heat and m a s s  t r a n s f e r  Blot n u m b e r s i  am is the m o i s -  
tu re  diffusion coefficient;  aq is the t h e r m a l  diffusivity;  
k is the t h e r m a l  conductivi ty;  Cq is the specif ic  heat 
of the mois t  body; 5 is the t he rmograd i en t  coefficient;  

is the heat  t r a n s f e r  coefficient;  fl is the mass  t r a n s -  
fer  coefficient;  e is the phase t r a n s f o r m a t i o n  p a r a m -  
e ter ;  T is the t i m e ; A  is the Laplace opera tor ;  k is the 
n u m b e r  of the s t ra igh t  l ine;  t ' ,  u '  a re  the der iva t ives  
of the des i r ed  functions with r e spec t  to Fo; 0 tk/0r  is  
the der iva t ive  at the point (rk, Fo). 
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